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Abstract 
The number of the extremal doubly even self-dual codes is finite (cf. MacWilliams and Sloane, 
1977) is based on the fact that A'm+8<0 for all n -0 (mod8)  sufficiently large where * A4rn+8 
is the coefficient of its extremal weight enumerator polynomial (cf. MacWilliams and Sloane, 
1977), m = [n/24]. The present paper shows that A~r~+s <0 for all n -  0(mod 8) with m~> 166, 
i.e., there does not exist any extremal doubly even self-dual codes of length n ~> 3984. Our result 
improves the previously known result. (~) 1998 Elsevier Science B.V. All rights reserved 
I. Introduction 
Throughout this paper, we assume that the reader is familiar with the basic notations 
and facts from coding theory and combinatorial enumeration (cf. [1,3]). It is well 
known that a doubly even self-dual (n,n/2) code exists if and only if n -  0(mod 8), 
whose minimum weight d is bounded by d ~<4[n/24] +4 (cf. [3]). Any code satisfying 
the equality in the above bound is said to be extremal. Furthermore, the number of  
extremal doubly even self-dual codes is finite, or in other words, there does not exist 
any extremal doubly even self-dual codes of  length n, n large enough. This result is 
deduced from the property of  its weight enumerator polynomial 
~* n--4m--4 4m+4 - -  ~*  n--4m--8 4m+8 * n W*(x ,y )=x n +A4m+4X y tA4m_t_8X y + "'" +A,y  , (1) 
m = [n/24], which is stated as [4]: * ,44m+8<0 for all n -0 (mod8)  sufficiently large. 
In the present paper we further show that 
* -0 (mod8)  with m = [n/24] >~ 166. Theorem 1.1. a4m+8 <0 for  n 
The above result means that there does not exist any extremal doubly even self-dual 
codes of length n~>3984. 
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PII S0012-365X(97)00206-9 
266 X.. MalDiscrete Mathematics 185 (1998) 265-274 
2. Proof of Theorem 1.1 
First, we need a preliminary result concerning the weight enumerator f binary self- 
dual codes. The reader is referred to [2,3] for more details. 
Lenuna 2.1 (MacWilliams and Sloane [3]). Let W*(x,y) be the weight enumerator 
of  an extremal doubly even self-dual code of length n = 8r given by (1). Then 
2r 
W*(1,x TM) = ~ ~.kf(x)r-3kg(x) k = 1 + ~ A~,x k, (2) 
k=O k=m+ l 
where f (x )  = 1 + 14x + x 2, 9(x) = x(1 - x) 4 and r = 3m + j, j = O, 1,2, which yields 
that 
;tk=~k for k=0,1  . . . . .  m, (3) 
go 2r 
o~kf(x)r-akO(x)k=-- ~ A~k xk, (4) 
k=m+l k=m+l 
A4m+4 = --~Xm+l, (5) 
Aam+8 = -~m+2 + (4m + 46 - 14j)~m+l, (6) 
where 
--r dk-1 [(14+2x)(l +14x+x2) 3k-r-l] 
o~k= k! dx k-1 (1 -x)  4k x=0" (7) 
Theorem 2.1. A~m+S <0 for all n - 0 (mod 8) with m = [n/24] >/175. 
Proof. Let n=8r  and r=3m+j ,  j=0 ,  1,2. Let A(x,j) ,B(x, j)  and f (m, i )  be defined, 
respectively, as follows: 
A(x,j) = ~ a~J)x i - (14 + 2x)(1 + 14x + x2) 2-j, (8) 
j=O 
11-27 
B(x, j )= ~ b}J)x i =(14 + 2x)(1 + 14x +x2)  5-j, (9) 
i=0 
where jE  {0, 1,2}, 
(7) (10) f(m,i)= (sin+3) " 
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Therefore, from (6) and (7), it is obvious that 
A,*,+,<0 iff 4m+46- 14j>z forjE{O,1,2}, (11) 
where u,+t and am+2 are clearly dependent on j. For simplicity, we still write a,+1 
and 1x,+2 for cc,+t(j) and a,+2(j) just as usual. Thus, it only needs to be shown that 
4m + 46 - 14j>o~~+2/a~+t for m> 175 and j E {0,1,2}. To do this, we can derive 




--Y 5m+3 5-2j =- 








\ m I 
Hence, we obtain that 
\m+l I 
a,,,+2 (5m + 8) n;z1(5m + 8 - i) 
-= (m+2)nfz,(4m+8-i) 
x CiiO” blj)f(m + 1, i) 
~,+I Cfzz aj”f(m, i) 
On the other hand, from (10) it can also be derived that 
(m~m4~32j);<f(m,i)<(5m_~+2jJ. OdiG5-2j, 








55B((m + 1)/(5m - 2 + 2j), j) 
L(myj)= 44A((m - 4 + 2j)/(5m + 3), j)’ 
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Given a fixed integer j E {0, 1,2}, it is easy to check that 
m+l  (m-  1)+1 m-4+2j  (m-  1 ) -4+2j  ~< ~> , 
5m - 2 + 2j 5(m -1 )  - 2 + 2j' 5m+3 5(m-1)+3 




L(m,j)>~L(m + 1,j)>~ ... ~>ao, 
where 
55B ~ 1 ., 55B((m + 1)/(5m - 2 + 2j), j) _ t3,J) 
a0 = l i rn  44A((m-- 4 + 2j)/(5m + 3),j) 44A(~,j) = 691.2. 
Given an integer m >i-175, by a straightforward calculation, we obtain that L(175, 0)= 
741.8879, L(175, 1)= 711.3917, L(175,2)= 697.1061. Thus, it is not difficult o verify 
that 4m+46-  14j >L(175, j )>L(m,j)  for all j E {0, 1,2}. The result hen follows from 
(11), as desired. [] 
Now, we proceed to show (11 ) holds true for 166 ~< m ~< 174 and j E {0, 1,2}. To do 
this, we need some elementary esults of combinatorial nalysis as follows: 
Lemma 2.2 (Comtet [1]). Let s(n,k) be the first kind and S(n,k) be the second kind 
of StMing number. Then the following identities are valid for all n, k >>. 1: 
s(n,k) =s(n - 1,k - 1) - (n - 1)s(n - 1,k), (18) 
S(n ,k )=S(n-  1 ,k -  1)+kS(n -  1,k), (19) 
with s(n, n) = S(n, n) = 1, s(n, O) = S(n, O) = 0 and s(n, k) = S(n, k) = O(k > n), s(O, O) = 
s(o,  o) = 1, 
(x), = ~ s(n, k)x k, (20) 
k=O 
1 ~-~(-1) '  k k n, 
S(n, i )= ~.I k=0 
where (X)n =x(x -  1) ' "  (x -  n + 1). 
Lemma 2.3. Let f (m, i )  be given by (10). Then 
5--2j 
f (m, i )=e( i ,O)+ Z e(i,k) 0<~i<~5 -2 j  













(k - 4)/5 ~, 
) i 
0~<i~<11 -2 j ,  (23) 
Combining Lemma 2.3 with (8) and (9), it follows that: 
Lemma 2.4. Let f(m,i) and A(x,j),B(x,j) be given as before. Then there exist the 
following identities: 
5--2j 5--2j C(kJ ) 
Z a}J)f(m'i)=A(½,j) + Z 5m + 4 - k' (24) 
i=0 k=l 
ll-2j ll-2j d(j) 





Proof. It suffices to calculate the sums of (24) and (25) directly from Lemma 2.3, 
which we omit. [] 
Lemma 2.3 also tells that coefficients c~ j) <0, c~ j) >0, c~ j, <0, c~ j) >0 and c(4 j) =0; 
d(J) A(J) tt(J) A(J) and a(J) a(J)- d(J) 1 ' '3  ' "6  ' "8  "11 are negative; "4 - - "9  =0,  the rest are positive. Th is  
property of alternating in sign of these coefficients is necessary to setting up a upper 
bound for the rate am+2/am+l. 
Lemma 2.5. 
5 
Za~°'f(m,i) >1 A(½,0) + ~4=[ c~°-~---) ~4=1 c~°)(4- i) 
i=0 5m (5m) 2 
~-'~-i~{,,3} c~°)( 4 - 0 2 c~ °) 
+ (5m) 3 4- 5m----~- 1 ' (26) 
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11 
Z b~°)f(m + 1, i) ~< B(] ~,o)+ 
i=0 
EL1  d~ O) ZL I  d~°)( 9 - i) 
5m (5m) 2 
+ 
EiG{2,5,7} d}°)( 9 - i)2 ~IoA(O) "llA(0) 
+ - -  + - -  (27) 
(5m) 3 5m - 1 5m - 2 '  
3 
~ a~') f(m,i) >~ A(½, t) + - -  
i=0 
C~=I C~ 1) Ei3=l C~1)(4 - - i )  
5m (5m) 2 
+ EiC{1,3} c~O( 4 - 02, (28) 
(5m) 3 
9 
Zb~')f(m + 1,i) ~< B(½,1) + - -  
i=0 
EL1  d~ 1) ~-~L1 d~l)( 9 -- i) 
5m (5m) 2 
+ ~i~{2,5,7} d}l)( 9 - i)2 
(5m) 3 , (29) 
1 Za~2)f(m,i) >~ A(½,2) + ~-]~=1 c:2) ~L1  c:2)(4-  i) 
5m (5m) 2 
i=0 
+ ~-'~iE{I} c 2)( 4 - 02, (30) 
(5m) 3 
7 
Zb~2)f(m+ 1,i) ~< B(½,2) + E~=I d~2) ~"~=1 d~2)(9 - i) 
5m (5m) 2 
i=0 
+ Y~ie{2,5,7} d}2)( 9 - i)2 (31) 
(5m) 3 
Proof .  By means of an inequality 
1 1-x<~-~x~l-x+x 2 for all0~<x~<l (32) 
and the properties of ck (y) and d~ j) described as above, we can expand each term 
1 1 
5m+4_k(O~k~4) and 5m+9_k(O<~k<~9), 
respectively , into the power series of (4 - k)/5m and (9 - k)/5m, and then obtain 
(26)-(31)  as desired. [] 
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Lemma 2.6. Let  c~ j) and d~ j) be 9iven by Lemma 2.4. Then 
5-2Jc}j) 5~j 5-2j (J); 1 xi. a( j)(  1 ,~ii2 = -- ai t~) t -- 2 ~ i ,g /  , 
i=1 i=0 i=0 
(33) 
and 
l l -2 Jd ) j  ) l l -2 j  1 l -2 j  
- ~ b}J)(½)ii 2 ~ , i.2 = - bi(3 ) ~ , (34) 
i=1 i=0 i=0 
5--2j , . ,  5--2j 5--2j 5--2j 
c~:Ji = 2 ~ ai(J):t 3 )1  ,il.4 __ 2 ~ a i(j)'[-~ )xi .3 __ 3 ~V~ a(J)(i , 5 "~ii2, (35) 
i= 1 i=0 i=0 i=0 
l l - -2 j  b (j)(  1 "~ii2 (36) 
i=0 
ll-2Jd,J)i~ 11-2j  . 11-2j  
=2 E b}J ) ( l )  i i 4 -2  ~ '~ b(J){l]i3i ~~: - 3 
i=l  i=0 i=0 
for  all jE{O,  1,2}. 
Proof. It suffices to show (33) and (35). A similar argument remains valid for (34) 
and (36). Consider the sum 
i () s( i ,k)  i 
5 k Z ( -1 ) i - t  l( l  - 4) k (37) 
k=O i>~l>~O l 
and 
• () ~-~s( i ,k )  1)i_ l i 5 k Z ( -  12(l - 4)k" 
k=0 i>~l>~O l 
At first, it follows from Lemma 2.2 that {o, 
i>~l>:o i!(S(i  + 1,i) - 4iS( i , i ) ) ,  
(38) 
k <~i - 2, 
k = i - 1, (39) 
k=i ,  
i>~l~O 
0, k<<.i - 3, 
= i!, k = i - 2, (40) 
i !(S(i  + 1,i) - 4(i - 1)S(i , i )) ,  k= i  - 1, 
i!(S(i  + 2, i) - 4iS(i + 1, i) + 8i(i - 1)), k = i. 
It is not hard to see from Lemma 2.2 that (37) and (38) are, respectively, second- and 
v'5-z J  e~ j) and ~-,5-2j ke(J) fourth-order polynomials in i. Putting (39) and (40) into z__,k=l z_~k=l k , 
we obtain (33) and (35) at once. [] 
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Theorem 2.2. A~m+8 <0 for 174~>m~> 166. 
Proof.  From Lemma 2.5, it follows that for j = O, i.e., n = 24m, 
w 9 d!°, ET:,d:°'(9-') 
5 5 B(1 ,0 )  + ~, : l  , _ O~m+.......~2 < __ 5m (5m)2 -F (5m) 3 "F 0.001 
4 0~m+m 44 E~:I c~°) S"~4 c~ °)(4-i) E,~(,,3~ c~ °)(4-i)2 
A( 1, 0) + 5m - "-"'=~Sm) 2 + (sin)' - 0.001 
= C~(m), (41) 
where +0.001 stand for terms 
d(O) d(o) c~O) 
l o + -1_______L__1 and 
5m-1  5m-2  5m-  1' 
respectively. For j=  1,2, i.e., n =24m + 8,24m + 16, we have that 
~--~9 d") E~= ld~ ')(9-i) E,6(2,5,7} d~')(9-i)2 
O~m+ 2 55 B(½, 1) + "--~i:J ' - 5m (5m) 2 + (5m)3 
- -  < 4"-~ ~"~3 C!I) 3 0~m+l ~(1,  1) -~- t'-~'=l ' E , : I  C~1)(4--i) EiE{I,3~-c/1)(4--i)2 
5m -- (5m)2 + (Stop 
= ~(m) ,  
(42) 
(43) 
(2 )  . 2 ~-'~7 d!2) E ; :  1 d~ 2)(9-i) Ei~(2,5.7} d, (9- 0 
•m+2 55 B(½,2) + "--,m ' _ 5m (5m) 2 + (5ra)3 
1 4 - -  < 4~ E,=l c}2) Ei=, c~2)(4-i) Eie{l~ C}2)(4--i)2 0~m+l A(1 '2 )  + 5m - (5m)2 + (5m)3 
= 8(m).  (44) 
From Lemma 2.6, we can derive all coefficients appearing on the right-hand sides of  
the above inequalities as follows: 
5 
Ec~°) = - 1504.05, 
i=1 
5 
Y]c}°)(4 - i )=  -6781.13,  
i=1 
11 
~--~d} °) = -414298.04,  
i=l 
11 
Y]d}°)(9 - i )=  -9198635.57,  
i=1 
3 
Y-]c} 0 = -135.936,  
i=1 
3 
~"~c}1)(4 -- i )=  --432.96, 
i=1 
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~ d} 1) = -72274.63588, 
i=1 
9 
Ed}O(9 - i) = -1149729.861, 
i=1 
1 
= - 12 ,  
i=1 
~c}2)(4 - / )  = -3.6, 
i=1 
7 
~d}2) = - 11381.2439, 
i=1 
~d}Z)(9-  i) =-137861.6869. 
i=1 
Furthermore, we can use the explicit formula for c(i, k) and d(i, k) given by Lemma 2.3 
to calculate sums as follows: 
E c}°)( 4 - i)2 =-36657.54, 
iE{I,3} 
E d}°)( 9 - 02 = 2985866476, 
iE{2,5,7} 
E c}1)( 4 - 02 = -1455.072, 
iE{I,3} 
E d}l)( 9 -  i )2= 126802658.2, 
ic{2,5,7} 
E c}21( 4 - 02 = -10.8, 
iE{1} 
d}2)(9 -02  =4791653.474. 
Let 166~<m~< 174 and set these results into (42)-(44). It is worth pointing out that 
c~ °) =0.25536 and ~1o a(°)=2.567688634, d~°)=-0.030817961, which are so small that 
we replace Eis__, c} °) and E]=ll d} °) by E4=, c} °) and E 9,  d} °), respectively, when we 
proceed to estimate the rate ~,,+2/C¢r~+1 for j = 0. Therefore, we obtain 
for j = 0, ~'n+------2-2 < sup C~(m) <671 < 4m + 46, m t> 157; 
~m+l 156~<m~<174 
for j = 1, ~m+------22 < sup ~(m)<676 <4m + 32, m >~ 161; 
~m+l 156~<m~<174 
for j=2 ,  C¢m+_____22 < sup ~(m)<680<4m + 18, m~> 166. 
0~m+l 156~<m~< 174 
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Hence, it follows that (11) holds true for m~>166 and jE{0,1 ,2} which gives the 
complete proof of Theorem 1.1. [] 
Remark. From [3] again, A4x155+46<0. From (41) and the results mentioned above, 
we see that cg(156)~<669<4 x 156 +46. With respect o Theorem 2.1, we make sure 
, that m = 156 is the least bound for A4,n+ 8>0 in the case of n =24m. 
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